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Abstract 

In this paper, we establish a mean value theorem for a real continuous function with several real 

variables, using the Frechet semi-differentials of the function. 

 

 

1. INTRODUCTION 

Given a function   differentiable, where X is a real normed space, the classical 

mean value theorem states that for a, b ∈ X  there exists c between a and b such that 

                          .),()()( −=− abcDfafbf  

Many authors have obtained various forms of the mean value theorem in the non-smooth 

case, where f is a convex function ([4]) or a lipschitzian function (see egg. [1] or [5]).  

In this paper, we establish a mean value theorem for a continuous function  

,2,: → nRRf n starting from a result obtained in [3] for a real continuous function 

,: RRf →  using the Frechet semi-differentials of the function. 

Let nR  be an open subset and .x We recall that Rf →:  is Frechet  

differentiable at  x if there exists  nR  (denoted by ))(xDf=  such that 
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One of the definitions of the Frechet semi-differentials is  the fact that (1) is equivalent on 

the conditions that:   
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Definition 1. Let nR  be open, Rf →:  and .x  The 

(possibly empty) subset  n

F Rxf + )(  defined  by 
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is said to be the Frechet super-differential of  f at x and the (possibly empty) subset 

 

n

F Rxf − )(  defined  by 
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is said to be the Frechet sub-differential of  f at x. 

Now we define  )()()( xfxfxf FFF

−+ =  the union of Frechet semi-differentials of  f 

at x. 

The basic properties of the Frechet semi-differential are presented in the  following 

propositions (see egg. [2] or [6]):  

Proposition 1.1. If x  is a local maximum point for Rf →: then 

)(0 xfF

+  and if  x is a local minimum point for f then )(0 xfF

− . 

Proposition 1.2.  If nR  is open, Rf →:  is a continuous function and  Rg →:  

is differentiable  at  x then: 

 

                                                    )()())(( xgxfxgf FFF

+++ +=+  

 

                                                   ).()())(( xgxfxgf FFF

−−− +=+  

 Proposition 1.3. Let nR be open, nRf →: , nRX   be open 

such  that Xf )(  and Rg →:  be a continuous function. If  f is a 

local 
1C - diffeomorfism on  , then for any x : 

)())((())(( xDfxfgxfg FF = ++   
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)())((())(( xDfxfgxfg FF = −−  . 

 

The  following  result  was  obtained  by  Cringanu ([3]): 

 Theorem 1.4. Let RRf →:  be a continuous function and .,, baRba   

Then there exists ),( bac  such that 

−=− abcfafbf F ),()()(  

so there exists )(cfF  such that 

.,)()( −=− abafbf   

 

2. THE MAIN RESULT 

Theorem 2.1. Let RRf n →:  be a continuous function,  a, b ∈ Rn, 

),,...,( 21 naaaa =   ),...,( 21 nbbbb =  and   the   following  partial  functions  of  f : 

).,,...,()(),...,,...,,()(),,...,()( 12131221 taaaftfbbtaftfbbtftf nnnn −===  

Then  there  exists ),,...,( 21 ncccc = kc  between  ak  and  bk,  1 ≤ k ≤ n,  such that 
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so there exists 

),...,,(,)( 21

1

n

n

k

kkF cf  =
=

   with )( kkFk cf  

such that 
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Proof. 

+−=−=− )],...,,(),...,,([),...,,(),...,,()()( 21212121 nnnn bbafbbbfaaafbbbfafbf

 

=−+−+ )],...,,(),...,,([)],...,,(),...,,([ 21212121 nnnn aaafbaafbaafbbaf  

)].()([...)]()([)]()([ 22221111 nnnn afbfafbfafbf −++−+−=  

By the theorem 1.4 there exists kc  between ka  and kb ,  ,1 nk   such 

that 

−− kkkkFkkkk abcfafbf ),()()(  
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so there exists  )( kkFk cf   such that 

)()()( kkkkkkk abafbf −=−  . 

Taking ),...,( 21 ncccc =  and ),,...,( 21 n =  we get 
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