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Abstract 
We study the −h vector and the Hilbert function of the vertex cover algebra ( )GA , introduced and first studied 
by J. Herzog, T. Hibi and N. V. Trung ([6]), for a special class of bipartite graphs, namely for Cohen-Macaulay 
bipartite graphs. 
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1. INTRODUCTION 
 

In the first part of the paper, we introduce the definitions and the concepts that we operate with 
and we fix the notation exactly as we did it in [3]. Let ),( EVG =  be a simple (i.e. finite, undirected, 
loop less and without multiple edges) graph with vertex set [ ]nV =  and the edge set ( )GEE = . A 
vertex cover of G  is a subset VC ⊂  such that { }≠∩ jiC , ∅, for any edge { } ( )GEji ∈, . A vertex 
cover C  of G  is called minimal if no proper subset CC ⊂'  is a vertex cover of G . A graph G  is 
called unmixed if all minimal vertex covers of G  have the same cardinality. Let [ ]nxxxKR ,...,, 21=  
be the polynomial ring in n  variables over a field K . The edge ideal of G  is the monomial ideal 

)(GI  of R generated by all the quadratic monomials ji xx  with { } ( )GEji ∈, . It is said that a graph 
G  is Cohen-Macaulay (over K ) if the quotient ring )(/ GIR  is Cohen-Macaulay. Every Cohen-
Macaulay graph is unmixed. 

A vertex cover [ ]nC ⊂  can be represented as a ( )1,0 -vector c  that satisfies the restriction 
( ) ( ) 1≥+ jcic , for every { } ( )GEji ∈, . For each Nk ∈ , a vertex cover of G  of order k , or simply 

k -vertex cover of G  is a vector nNc∈ such that ( ) ( ) kjcic ≥+ , for every { } ( )GEji ∈, . The vertex 
cover algebra ( )GA  is defined as the subalgebra of the one variable polynomial ring [ ]tR  generated 
by all monomials kc

n
cc txxx n...21
21 , where ( ) n

n Ncccc ∈= ,...,, 21 is a k -vertex cover of G . This algebra 
was introduced and first studied in [6].  

Let m  be the maximal graded ideal of R . The graded K -algebra ( ) ( ) )(/ GmAGAGA =  is 
called the basic cover algebra and it was introduced and first studied in [5, Section 3]. 
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Our aim in this paper is to study the −h vector and the Hilbert function of the vertex cover 
algebra ( )GA  for Cohen-Macaulay bipartite graphs. 

Let { }nn pppP ,...,, 21=  be a poset with partial order ≤ . Let )( nPGG =  be the bipartite 

graph on the set 'WWVn ∪= , where { }nxxxW ,...,, 21=  and { }nyyyW ,...,, 21
' = , whose edge set 

)(GE  consists of all 2-element subsets { }ji yx ,  with ji pp ≤ . It is said that a bipartite graph on 
'WWVn ∪=  comes from a poset , if there is a finite poset nP  on { }nppp ,...,, 21  such that ji pp ≤  

implies ji ≤  and after relabeling of the vertices of G  one has )( nPGG = . Herzog and Hibi proved 
in [4, Theorem 3.4] that a bipartite graph G  is Cohen-Macaulay if and only if G  comes from a poset. 

Example 1.1. Let { }3213 ,, pppP =  be the poset with 21 pp ≤ . The Hasse diagram of 3P  is 
represented in the next figure: 

 
 

Fig. 1 
 

 
The graph ( )3PGG =  is represented geometrically in the next figure: 

 
 

 
Fig. 2 
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In this respect, by [6, Lemma 4.1, Theorem 5.1.b], the vertex cover algebra ( )GA  is standard 
graded over S and it is the Rees algebra of the vertex cover ideal GI , which is generated by all 

monomials nnnn c
n

ccc
n

cc yyyxxx 22121 ...... 2121
++ , where the ( )−1.0 vector ( )nnnn ccccccc 22121 ,...,,,,...,, ++=  is 

a −1 vertex cover of the graph G . 
By [5, Lemma 2.1], there is an one-to-one correspondence between the set ( )GM  of all 

minimal vertex covers of G  and the lattice ( )nPI  of all poset ideals of nP . Thus, it can be assigned to 
each minimal vertex cover of G  the poset ideal { }Cxp iiC ∈= |α . Conversely, if α  is a poset ideal 
of nP , then the corresponding set { } { }ααα ∉∪∈= jjii pypxC ||  is a minimal vertex cover of G . 

Let 3P  be the poset from the Example 1.1. The set of all minimal vertex covers of G  is: 
( ) { } { } { } { } { } { }{ }321231321213321321 ,,,,,,,,,,,,,,,,, xxxyxxyxxyyxyyxyyyGM = , 

and the lattice of all poset ideal of 3P  is: 
{ } { } { } { } { }{ }3213121313 ,,,,,,,,Ø,)( pppppppppPI = . 

The distributive lattice ( )( )⊂,3PI  is represented graphically in the next figure: 
 
 

 
Fig. 3 

 
In Section 2, we study the −h vector and the Hilbert function of ( )GA . We assign to each 

poset { }nn pppP ,...,, 21=  such that ji pp ≤  implies ji ≤  a simplicial complex 
nP∆  on the set 

[ ] ( )nPIn ∪  whose Stanley-Reisner ideal coincides with the initial ideal of the toric ideal GQ  of 
( )GA  with respect to a suitable monomial order. (See [4, Section 1] for the definition and the 

properties of the toric ideal of ( )GA ). The simplicial complex 
nP∆  plays a key role in the outline of 

the paper because the −h vector of ( )GA  is equal to the −h vector of 
nP∆ . As it was proved in [3, 

Proposition 1.2], the −K graded algebra )(GA  and the order complex ( ))( nPI∆  have the same 
−h vector. (See [1], [5, Section 3] for the definition and the properties of the basic cover algebra 
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associated to a graph and [2, §5.1] for the definition and the properties of the order complex of a 
poset). 

For each subset [ ]nF ⊂ , [ ]nF ≠  we denote by ( )FPn  the subposet of nP  induced by the 

subset { }Fipi ∉|  and by FG  the bipartite graph that comes from ( )FPn . Let ( )( )( )FPI n∆  be the 

order complex of the distributive lattice ( )( )FPI n . If [ ]nF =  then, by convention, ( )( )( )FPI n∆ =∅.  
The main result of this paper is given in Theorem 2.2, which proves that one may reduce the 

computation of the −f  and −h vectors of the simplicial complex 
nP∆  and, consequently, the 

−h vector of ( )GA  to the computation of −Ff  and −Fh vectors of the simplicial 

complex ( )( )( )FPI n∆  and, consequently, the −h vector of the basic cover algebra ( )FGA , for all 

[ ]nF ⊂ . Namely, we get the following formulas: 

[ ]
∑ ∑
=

=
⊂

−−− =
j

l
lF
nF

F
ljj ff

0
11 , for all 11 +≤≤ nj , 

 
[ ]

∑ ∑
=

=
⊂

−=
j

l
lF
nF

F
ljj hh

0
, for all 11 +≤≤ nj . 

 
 

2. THE −h VECTOR AND THE HILBERT FUNCTION  
 OF VERTEX COVER ALGEBRAS  OF COHEN-MACAULAY BIPARTITE GRAPHS 

 
In the first part of this section, we recall some definitions and results concerning the toric ideal 

GQ  of the vertex cover algebra ( )GA  as they were given in [4]. That will allow us to introduce the 
simplicial complex 

nP∆ , which was already mentioned in the previous section. 

Let [ ]nn yyyxxxKS ,...,,,,...,, 2121=  be the polynomial ring in n2  variables over a field K  
and let )( nPGG = , where { }nn pppP ,...,, 21=  is a poset such that ji pp ≤  implies ji ≤ . For each 

( )GMC∈ , we denote 









⋅









= ∏∏

∈∈ Cy
j

Cx
iC

ji

yxm . Since G  is Cohen-Macaulay, it is also unmixed, 

hence nC =  and nmC =deg , for all ( )GMC∈ . 

We denote { } { } { } ],,[ )(11 nPInjjniiG uyxKB ∈≤≤≤≤= αα . The toric ideal GQ  of ( )GA  is the kernel 

of the surjective homomorphism ( )GABG →Φ :  defined by ( ) ii xx =Φ , ( ) jj yy =Φ , ( ) tmu αα =Φ , 

where 









⋅









= ∏∏

∉∈ αα
α

ji p
j

p
i yxm . 

Let lex<  denote the lexicographic order on { } { } ],[
11 njjnii yxK

≤≤≤≤  induced by the ordering 

nn yyyxxx >>>>>>> ...... 2121  and #<  the reverse lexicographic order on { } ][ )( nPIuK ∈αα  

induced by an ordering of  the variables αu ’s such that βα uu >  if αβ ⊂  in ( )nPI . Herzog and Hibi 

introduced in [4] the new monomial order #
lex<  on GB  defined as the product of the monomial orders 
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lex<  and #<  from above. The reduced Gröbner basis Gr  of the toric ideal GQ  of ( )GA  with respect 

to the monomial order #
lex<  on GB  was computed in [4, Theorem 1.1]: 

{ { } [ ] ( ) { } ( )njjnpjj PIppPInjuyuxGr
j

∈∪∉∈∈−= ∪ ααααα ,,,, , 

}αββαβαβαβαβα ⊄⊄∈− ∩∪ ,,,, nPuuuu , 

where the initial monomial of each binomial of Gr  is the first monomial. 
Let 

nP∆  be the simplicial complex whose Stanley-Reisner ideal 
nP

I∆  coincides with 

( )GQin
lex
#<

. Thus 
nP∆  is the simplicial complex on the set [ ] ( )nPIn   whose faces are: 

( ) { } ( ){ }( )njj PIpandpthatsuchFjLLF ∈∪∉∈∃∈ ααα |\ , 

where [ ]nF ⊂  and L  is a chain of ( )nPI .  
In order to identify the facets of 

nP∆  we need to make the following remark. 

Because ( )nPI  is a full sublattice of the Boolean lattice nBL  on the set { }nppp ,...,, 21 , ([5, 
Theorem 2.2]), then for each maximal chain mL  of ( )nPI  and for each ni Pp ∈ , ni ≤≤1 , there is a 
unique poset ideal mLi L

m
∈,α  such that 

mLiip ,α∉  and { } miLi Lp
m

∈∪,α . Moreover, if ji pp ≠ , then 

mm LjLi ., αα ≠  and { } ( ) { } ( ){ }njjmLiLi PIpandpthatsuchFjL
mkm

∈∪∉∈∃∈⊂ ααααα |,..., ,,1
. 

Therefore, the facets of 
nP∆  are either the maximal chains mL  of ( )nPI  or the faces of the 

form 
 { }( )FiLF

mLim ∈|\ .α , ∅ [ ]nF ⊂≠ ,  
with the property that  

( ) { } ( ){ } { }FiPIpandpthatsuchFjL
mLinjjm ∈=∈∪∉∈∃∈ || ,αααα . 

Since all maximal chain of ( )nPI  have the same length n , it follows that 
nP∆  is a pure 

simplicial complex of n
nP =∆dim . 

Let us recall the poset { }3213 ,, pppP =  from the Example 1.1. Then 
3P∆ is a 3-dimensional 

simplicial complex on [ ] ( )33 PI . Let 1L  be the maximal chain { } { } { }{ }321211 ,,,,,,Ø pppppp  of 
( )3PI . Therefore =

1,1 Lα ∅, { }1,2 1
pL =α  and { }21,3 ,

1
ppL =α .  

If we put { }2,1=F , then 
( ) { } { } ( ){ } { }{ }131 ,Ø2,1| pPIpandpthatsuchjL jj =∈∪∉∈∃∈ ααα  

 and thus { } { } { }{ }321211 ,,,,2,1 pppppE =  is a facet of the simplicial complex 
3P∆ , since 

{ } { }{ }1,2,1 ,Ø,
21

pLL =αα .  

If we put { }3,1=F , then 
( ) { } { } ( ){ } { } { }{ }21131 ,,,Ø3,1| pppPIpandpthatsuchjL jj =∈∪∉∈∃∈ ααα   

and thus { } { }{ }3212 ,,3,1 pppE =  is a face of the simplicial complex 
3P∆ , but it is not a facet of 

3P∆ , since { } { } { }{ }211,3,1 ,,,Ø,
11

pppLL ⊂αα . We notice that 2E  is contained in the maximal face 

(facet) { } { }{ }3213 ,,3,2,1 pppE = . 
Lemma 2.1. Let { }nn pppP ,...,, 21= , 1≥n , be a poset such that ji pp ≤  implies ji ≤ . Let 

LFE =  be a face of the simplicial complex 
nP∆ , where [ ]nF ⊂  and Ø≠L . If L∈βα ,  such 

that ( ) ( )FPFP nn ∩=∩ βα , then βα = . 
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Proof. If Ø=F , then ( ) nn PFP = , whence βα = . 
If [ ]nF = , then, by the definition of 

nP∆ , it follows that { }npppL ,...,, 21= . Hence βα = . 

We may assume [ ]nF ⊂⊂Ø . We show that αβ ⊆  and βα ⊆ . 
Let us suppose, on the contrary, that αβ ⊄ . Then there is some αβ \

1
∈rp .  If Fr ∉1 , then 

( )FPp nr ∩∈β
1

. Since ( ) ( )FPFP nn ∩=∩ βα , it follows that α∈
1r

p , which is a contradiction to 

the choice of 
1r

p . Hence Fr ∈1  and α∉
1r

p . By the definition of 
nP∆ , if L∈α  and α∉

1r
p , then 

{ } ( )nr PIp ∉∪
1

α , which implies that there is nr Pp ∈
2

 such that 
12 rr pp ≤  and { }

12 rr pp ∪∉α , that 

means α∉
2rp  and 

12 rr pp ≠ . Since k, β∈
1r

p  and 
12 rr pp ≤ , it follows that β∈

2rp . Thus 

αβ \
2
∈rp . 

By repeated application of this argument, we get the following strictly decreasing sequence 

121
...... rrrr pppp

kk
<<<<<

+
, where αβ \∈

krp , for all 1≥k . The sequence is not stationary, 

hence the set { }
121

,,...,,..., rrrr pppp
kk+

 is infinite, which is a contradiction, since 

{ } { }nrrrr ppppppp
kk

,...,,\,,...,,..., 21121
⊂⊂

+
αβ . Hence αβ ⊆ . 

Similarly, we can show that βα ⊆ . Hence βα = . 

The main result of the paper relates the −h vector of ( )GA  to the −h vector of ( )FGA , for all 

[ ]nF ⊂ . If [ ]nF = , then, by convention, [ ]nf  and [ ]nh  are the −f  and −h vectors of the order 

complex ( )( )( ) { }Ø][ =∆ nPI n . 

Theorem 2.2. Let ( )nffff ,...,, 10=  and ),,....,,( 110 += nn hhhhh , respectively, ][Ff  and 
][Fh  be the −f  and −h vectors of the simplicial complex 

nP∆  and, consequently, the −h vector of 

( )GA , respectively, of the simplicial complex ( )( ))(FPI n∆  and, consequently, the  

−h vector of ( )FGA , for all [ ]nF ⊂ . Then the following relations hold: 

[ ]
∑ ∑
=

=
⊂

−−− =
j

l
lF
nF

F
ljj ff

0
11 , for all 11 +≤≤ nj , 

 
[ ]

∑ ∑
=

=
⊂

−=
j

l
lF
nF

F
ljj hh

0
, for all 11 +≤≤ nj . 

Proof. The proof of the theorem is quite technical. In order to establish which are the 
main steps, we begin with a sketch of the proof. The main idea is to define a bijective map from 
the set of all ( )−−1j dimensional faces 

nPE ∆∈  of the form LFE = , with [ ]nF ⊂ , lF = , 

L  a chain of ( )( )nPI∆  of length 1−− lj , on the set of all couples ( )( )FLF , , with [ ]nF ⊂ , 

lF = , ( )FL  a chain of ( )( )( )FPI n∆  of length 1−− lj , for each 11 −≤≤ nj  and for each 
{ }njl ,min0 ≤≤ . We denote this bijection by ( )lj,λλ = . 

In the first step, we show that λ  is well-defined. Secondly, we prove that λ  is injective, 
which is essentially based on Lemma 2.1. Finally, in the most technical part of our proof, we 
show that λ  is surjective. 

The map λ  is defined as follows: 
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if LFE ∪=  is a face of 
nP∆  that satisfies all required conditions, then ( ) ( )( )FLFE ,=λ , 

where 
(i) ( ) Ø=FL , if Ø=L ; 
(ii) ( ) { }Ø=FL , if Ø≠L  and [ ]nF = ; 
(iii) ( ) ( ){ }LFPFL n ∈∩= αα | , if Ø≠L  and [ ]nF ≠ . 

Step 1. We show that λ  is well-defined. 
If FE = , then Ø=L . In this case ( ) ( )( )( )FPIFL n∆∈= Ø  and both L  and ( )FL  are 

chains of length -1. 
If FE ≠ , then Ø≠L . Put { }

ljtttL
−

= ααα ,...,,
21

 with 
ljttt −

⊂⊂⊂ ααα ...
21

. Let 

( )FPntt ii
∩=αβ , for all lji −≤≤1 . Then ( ) { }ljiFL

it
−≤≤= 1|β .  

We claim that ( )( )FPI nti
∈β , for all lji −≤≤1 . 

If [ ]nF = , then nl = , 1+= lj  and { }{ }npppL ,...,, 21= . In this case ( ) { }Ø=FL , hence 

( )FL  is a chain of ( )( )FPI n  of length 0. 

Now, we may assume that [ ]nF ≠ . Let 
itap β∈  and ( )FPp nb ∈  with ba pp ≤  in ( )FPn . 

Obviously, ba pp ≤  in nP . Since ( )nt PI
i
∈α  and 

itap β∈ , it follows that 
itbp α∈ . Hence 

itbp β∈ , 

which shows that ( )( )FPI nti
∈β , for all lji −≤≤1 . Obviously, 

1+
⊂

ii tt ββ , for all 11 −−≤≤ lji .  

Now, we prove that ( ) { }
ljtttFL

−
= βββ ,...,,

21
, 

ljttt −
⊂⊂⊂ βββ ...

21
, is a chain of ( )( )FPI n  

of length 1−− lj . Let us suppose that there is some 11 −−≤≤ lji  such that 
1+

=
ii tt ββ . Since 

( )FPntt ii
∩=αβ , ( )FPntt ii

∩=
++ 11

αβ , it follows, by Lemma 2.1., that 
1+

=
ii tt αα , which is a 

contradiction. Hence 
1+

⊂
ii tt ββ , for all 11 −−≤≤ lji . 

Step 2. We show that λ  is injective. 
Let E  and 'E  two faces of 

nP∆  with LFE = , ''' LFE = , jE = , '' jE = , 

1,1 ' +≤≤ njj , [ ]nF ⊂ , [ ]nF ⊂' , lF = , { }njl ,min0 ≤≤ , '' lF = , { }njl ,min0 '' ≤≤ , L  and 
'L  chains of ( )( )nPI∆  of length 1−− lj , respectively, 1'' −− lj , such that ( ) ( )'EE λλ = . We prove 

that 'EE = .  
Since ( )( ) ( )( )''' ,, FLFFLF = , it follows that 'FF = , ( ) ( ) ( )FLFLFL ''' == , 'll =  and 

'jj = .  
If Ø=L , then FE =  and lj = . Hence Ø' =L  and 'EE = . 
Now, we may assume that Ø≠L , which implies that lj >  and Ø' ≠L . Put 

{ }'''' ,...,,
21 ljtttL

−
= ααα  with ''' ...

21 ljttt −
⊂⊂⊂ ααα . Then ( ) ( ){ }ljiFPFL nti

−≤≤∩= 1|'' α . Since 

( )FL  and ( )FL'  are chains and ( ) ( )FLFL '= , it follows that ( ) ( )FPFP ntnt ii
∩=∩ 'αα , for all 

lji −≤≤1 . By Lemma 2.1. '
ii tt αα = , for all lji −≤≤1 , which implies that 'LL = . 

Hence ''' ELFLFE ===  . 
Step 3. We show that λ  is surjective. 
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Let ( )( )FLL,  be a couple such that [ ]nF ⊂ , lF = , { }njl ,min0 ≤≤  and ( )FL  is a chain 

of ( )( )FPI n  of length 1−− lj . 

If ( ) Ø=FL , then lj = . Put Ø=L  and LFE = . Then E  is a face of 
nP∆  with jE = , 

L  is a chain ( )( )nPI∆  of length 1−  and ( ) ( )( )FLFE ,=λ . 

We may assume that ( ) Ø≠FL . 

If Ø=F , then 0=l and ( ) nn PFP = . Put ( ) ( )( )nPIFLL ∆∈=  and LFE = . Then E  is 

a face of 
nP∆  with jE =  and ( ) ( )( )FLFE ,=λ . 

If [ ]n=F , then ( )( )( ) { }Ø=∆ FPI n , nl =  and 1+= nj . Hence ( ) { }Ø=FL . Put 

{ }{ }npppL ,...,, 21=  and LFE = . Then E  is a face of 
nP∆  with jE =  and ( ) ( )( )FLFE ,=λ . 

Therefore, we may assume that [ ]nF ⊂⊂Ø  and ( ) { }
ljtttFL

−
= βββ ,...,,

21
 with 

ljttt −
⊂⊂⊂ βββ ...

21
. We show that for each lji −≤≤1 , there is some subset { }Fuputi

∈⊂ |γ  

such that ( )ntt PI
ii
∈∪γβ . Namely, if we choose ( ){ }vutvut ppwithpFup

ii
≤∈∃∈= βγ ,| , 

( )ntt PI
ii
∈∪γβ , for all lji −≤≤1 . 

Indeed, let 
ii ttap γβ ∪∈  and nb Pp ∈  with ab pp ≤ . We must analyze the following cases: 

Case 1. 
itap β∈ . If Fb∈ , then 

itbp γ∈ . If Fb∈ , then ( )FPp nb ∈  and ab pp ≤  in 

( )FPn . Since ( )FPI nti
∈β , it follows that 

itbp β∈ . 

Case 2. 
itap γ∈ . By the definition of 

it
γ , there is some 

itcp β∈  with ca pp ≤ . Therefore 

cb pp ≤ . If Fb∈ , then 
itbp γ∈ . If Fb∉ , then ( )FPp nb ∈  and cb pp ≤  in ( )FPn . Since 

( )( )FPI nti
∈β , it follows that 

itbp β∈ . 

For each lji −≤≤1 , we choose { }Fuputi
∈⊂ |δ  to be a maximal subset such that 

ii tt δγ ⊂  and ( )ntt PI
ii
∈∪δβ . We put 

iii ttt δβα ∪= , lji −≤≤1 , and { }
ljtttL

−
= ααα ,...,,

21
. 

We claim that 
ljttt −

⊂⊂⊂ ααα ...
21

, which implies that ( )( )nPIL ∆∈  and the length of L  is 

exactly 1−− lj .  
We show that 

1+
⊂

ii tt αα , for all 11 −−≤≤ lji .  

Let us suppose, on the contrary, that there is some 11 −−≤≤ lji  with 
1+

⊄
ii tt αα . Then 

there is some 
11

\
+

∈
ii ttrp αα . Obviously, { }Fupp ur ∈∈ |

1
, otherwise, if ( )FPp nr ∈1

, then 

11 +
⊂∈

ii ttrp ββ . Since 
111 +++

∪=
iii ttt δβα , it follows that 

11 +
∈

itrp α , which is a contradiction. 

By the choice of 
1+it

δ , ( )nt PI
i
∈

+1
α  and { } ( )nrt PIp

i
∉∪

+ 11
α . Then there is some nr Pp ∈

2
 

such that 
12 rr pp ≤  and { }

112 rtr pp
i
∪∉

+
α , which implies that 

12 +
∉

itrp α  and 
21 rr pp ≠ . Hence 

( )nt PI
i
∈α , 

itrp α∈
1

 and 
12 rr pp < , which implies that 

itrp α∈
2

.  
By repeated application of this argument, we get an infinite sequence strictly decreasing 

121
...... rrrr pppp

kk
<<<<<

+
, where 

1
\

+
∈

iik ttrp αα , for all 1≥k . The sequence is not stationary, 

hence the { }
121

,,...,,..., rrrr pppp
kk+

 is infinite, which is a contradiction. 
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We obviously get 
1+

⊂
ii tt αα , for all 11 −−≤≤ lji . If there is some 11 −−≤≤ lji  with 

1+
=

ii tt αα , then 
1+

=
ii tt ββ , which is a contradiction. 

Put { }
ljtttL

−
= ααα ,...,,

21
 and LFE = . We notice that, for each Fpk ∈  and for each 

L∈α , either α∈kp , or, if α∉kp , then { } ( )nk PIp ∉∪α . Hence E  is a face of 
nP∆  with jE =  

and ( ) ( )( )FLFE ,=λ . 
By the definition of 

nP∆ , the vertex cover algebra ( )GA  and the simplicial complex 
nP∆  have 

the same −f  and −h vectors. As we already noticed in Remark 3.2, the basic vertex cover algebra 

( )FGA  and the simplicial complex ( )( )( )FPI n∆  have the same −f  and −h vectors, for all [ ]nF ⊂ .  
Hence, by using the bijective map λ , we get: 

[ ]
∑ ∑
=

=
⊂

−−− =
j

l
lF
nF

F
ljj ff

0
11 , for all 11 +≤≤ nj . 

By the formulas that relate the −h vector to the −f vector of a simplicial complex (see [2, 
Lemma 5.1.8], we get: 

( ) ( )
[ ]

=















⋅







−
−+

−=







−
−+

−= ∑ ∑∑∑
=

=
⊂

−−
=

−
−

=

−
i

l
lF
nF

F
li

j

i

ij
i

j

i

ij
j f

ij
in

f
ij

in
h

0
1

0
1

0

1
1

1
1  

( )
[ ] [ ]

∑ ∑∑ ∑ ∑
=

=
⊂

−−
=

=
⊂

−

=

−− =







−−
−−+

−=
j

l
lF
nF

F
lj

F
i

j

l
lF
nF

lj

i

ilj hf
ilj

iln

0
1

0 0

1
1 , for all 11 +≤≤ nj . 

Let { }3213 ,, pppP =  be the poset from Example 1.1. Then the simplicial complex 
3P∆  on the 

set [ ] ( )33 PI  has the −f vector ( )12,30,26,9 (i.e. 90 =f , 261 =f , 302 =f , 123 =f ). 
Thus, the Hilbert series of ( )GA  is: 

( )( ) ( ) ( ) ( ) ( )
( )

=
−

+−+−+−+−
= −

7

4
3

3
2

22
1

3
0

4
1

1
1111

z
zfzzfzzfzzfzfzH GA  

( ) ( ) ( ) ( )
( ) ( )7

23

7

432234

1
155

1
12130126191

z
zzz

z
zzzzzzzz

−
+++

=
−

+−+−+−+−
= . 

Hence the −h vector of ( )GA  is ( )0,1,5,5,1  (i.e. 130 == hh , 521 == hh , 04 =h ). 
Finally, the Hilbert function of ( )GA  is: 

( )( ) =







−
+

⋅+







−
+

⋅+







−
+

⋅+






 +
⋅=

3
3

2
4

1
56

, 3210 k
k

h
k

k
h

k
k

h
k

k
hkGAH  

1
15
47

60
239

3
8

5
1

60
1

3
3

2
4

5
1

5
5

6 23456 ++++++=







−
+

+







−
+

⋅+







−
+

⋅+






 +
= kkkkkk

k
k

k
k

k
k

k
k

 for all 0≥k . 
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